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Abstract. Applying mod 2 homology to the Goodwillie tower of the 
functor sending a spectrum X to the suspension spectrum of its 0th 
space, leads to a spectral sequence for computing _ff*(r2°°X; Z/2), which 
converges strongly when X is 0-connected. The term is the homol- 
ogy of the extended powers of X, and thus is a well known functor 
of //*(X;Z/2), including structure as a bigraded Hopf algebra, a right 
module over the mod 2 Steenrod algebra A, and a left module over 
the Dyer-Lashof operations. This paper is an investigation of how this 
structure is transformed through the spectral sequence. 

We use an operad structure on the tower, and the Tate construc- 
tion, to determine differentials in this spectral sequence that hold for 
any spectrum X. These universal differentials then lead us to construct, 
given an ^-module M, an algebraic spectral sequence depending func- 
torially on M. The algebraic spectral sequence for H,{X;Z/2) agrees 
with the topological spectral sequence for X for many spectra, including 
suspension spectra and almost all generalized Eilenberg-MacLane spec- 
tra, and seems to give a sort of upper bound in general. The E°° term 
of the algebraic spectral sequence has form and structure similar to E^, 
but now the right ^-module structure is unstable. Our explicit formula 
involves the derived functors of destabilization as studied in the 1980's 
by W. Singer, J. Lannes and S. Zarati, and P. Goerss. 



1. Introduction and main results 

An infinite loopspace is a space of the form 0,°°X, the 0th space of a 
fibrant (a.k.a. omega) spectrum X. We let all homology be with mod 2 
coefficients, and consider the following basic problem. 

Problem 1.1. How can one compute H^:{il.°°X) from knowledge of H^:{X)1 

The graded vector space H^,{X) has a minimum of extra structure: it is 
an object in ^A, the category of locally finite right modules over the mod 
2 Steenrod algebra A. By contrast, the structure of H^{Q.°°X) is much, 
much richer: it is an object in the category T-LQU of restricted Hopf algebras 
in the abelian category of left modules over the Dyer-Lashof algebra with 
compatible unstable right ^-module structure. 
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An ideal solution to our problem would be to describe a functor from A4 
to TiQU whose value on would be H^,{0,°°X). It is not a surprise that 

such a functor doesn't exist, and Example 11.171 illustrates this. However, one 
punchline of this paper is that one can come surprisingly close. 

In brief, we study the spectral sequence {E^ ^{X)} associated to the unre- 
duced Goodwillie tower of the functor X -w T,°°Q°°X. This converges 
strongly to H^,{Q°°X) when X is 0-connected. 

We first determine universal differentials. After identifying d^, we learn 
about deeper differentials by using the Z/2 Tate construction to reveal how 
Dyer-Lashof operations are reflected in the spectral sequence associated 
to a tower acted on by the operad Coo- For the Goodwillie tower under 
consideration, such an action was constructed in |AKj . 

Guided by our formula for universal differentials, we construct, for M € 
A4, an algebraic spectral sequence depending functorially on M. The alge- 
braic spectral sequence for H^{X;Z/2) agrees with the topological spectral 
sequence for X for many spectra X, including suspension spectra and almost 
all Eilenberg-MacLane spectra, and seems to give a sort of upper bound in 
general. Our algebraic functor Ef^^'°°{M) takes values in the category TiQU, 
and is built out of the derived functors of 'destabilization' which were the 
subject of much research in the 1980's by W. Singer [Si], J. Lannes and 
S. Zarati [LZl], and P. Goerss [Goej . 

We now introduce our cast of characters, then describe our results in more 
detail. 

1.1. The tower for Ti'^Q'^X, and the spectral sequence. We let T 

denote the category of based topological spaces and S the category of S- 
modules as in |EKMMj . The suspension spectrum functor : T ^ S 
and the 0th space functor 0°° : S ^ T induce an adjoint pair on homotopy 
categories. We use the notation 'E'^Z for the suspension spectrum of Z^, 
the union of the space Z with a disjoint basepoint. 

T. Goodwillie's general theory of the calculus of functors |Goo] . applied 
to the endofunctor of S sending X to T,^il.^X, yields a natural tower P{X) 
of fibrations 




P2{X) 



Basic properties include the following. 
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• Pi{X) identifies with X x S so that ei corresponds to the evaluation 

T.°^n°°x X. 

• The fiber of the map PdiX) Pd-i{X) is naturally equivalent to 
the spectrum DdX = {X'^'^)hs^, the dth extended power of X. 

• If X is 0-connected, then Cj is j-connected. 

Applying mod 2 homology to the tower P{X) yields a left half plane 
spectral sequence {E^ ^{X)} =^ H^{Q°°X) which converges strongly when 
X is 0-connected. The Steenrod algebra A acts on the right of the columns 
of the spectral sequence, and the —d line of E'^ equals T,'^H^{D^X). 

Using G. Arone's explicit model for this tower |Ar| . further properties 
were explored in [AKj . 

The spectral sequence is a spectral sequence of Hopf algebras. The 
product and coproduct on E°° are induced by the H-space product and 
diagonal on VL°°X, while the product and coproduct on E^ are induced 
by the multiplication maps D[,X A DcX Dh^^X and the transfer maps 
Db+cX DhX ADcX associated to the subgroup inclusions S^xSc ^ ^b+c- 

Besides all this structure, the action of the little cubes operad Coo on the 
infinite loop space Q°°X induces a corresponding action on the tower. This 
leads to Dyer-Lashof operations acting on both H^,{Q°°X) and on El ^{X), 
where they take the form : Hj[D(iX) Hj^i{D2dX), and are defined 
for all i G Z. How these operations correspond on the level of E^^,{X), and 
how they act on the rest of the spectral sequence is part of the content of 
Theorem 11.31 below. 

Finally we note that there is also a reduced tower P{X) satisfying PdiX) x 
S = Pd{X), yielding a reduced spectral sequence {El ^{X)} H^{Q,°°X) 
which only differs from the unreduced spectral sequence in that is it missing 
the unit in bigrading (0,0). 

1.2. Lots of categories and a description of E^. We introduce various 
algebraic categories. 

• A4 is the category of locally finite right ^-modules. The Steenrod 
squares go down in degree: given x € Af E A4, \xSq'^ \ = \x\ — i. 

• U is the full subcategory of M consisting of modules satisfying the 
unstable condition: xSq^ = whenever 2i > \x\. 

• Q is the category of graded vector spaces M acted on by Dyer-Lashof 
operations : M^+i, for i G 1,, satisfying the Adem relations 
and the unstable relation: Q^x = whenever i < \x\. 

• Q^A is the full subcategory of A4 (1 Q consisting of objects whose 
Dyer-Lashof structure is intertwined with the Steenrod structure via 
the Nishida relations. 

• QU= QM n U. 

All these categories admit tensor products, via the Cartan formula for both 
Steenrod and Dyer-Lashof operations. Then we define various categories of 
Hopf algebras. 
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• 7iA4 is the category of bicommutative Hopf algebras in A4 . 

• 7i QM. is the category of bicommutative Hopf algebras in QM. sat- 
isfying the Dyer~Lashof restriction axiom: Q^^^x = x^. 

• UQU = nQMnu. 

We also need two 'free' functors. 

• 7^* : M. — > QM. is left adjoint to the forgetful functor. Explicitly, 
n^M = 0^o7^sM where Tig : M ^ M is given by 

TZsM = {Q^x I /(/) = s,x G M)/(unstable and Adem relations). 

Here, if / = (zi, . . . , is), Q^x = Q*^ • • • Q*=x, and /(/) = s. 

• Uq : QA4 — )• HQM is left adjoint to the functor taking an object 
H € TiQAi to its module PH of primitives. Explicitly, 

Uq{M) = S*{M)/{Q\''\x = x^), 

with M C Uq{M) primitive. 

We then begin our study of the spectral sequence knowing the following. 

• H4^}°°X) is an object in HQU. 

• El^^{X) = Uq{TiJ{H^{X))) as an object in UQAi. Here, if x G 
H^{X) and / = Q^x has bidegree (—2*, 2* + |x| + |/|), 
where \I\ = ii + ■ ■ ■ + is- Steenrod operations act vertically, while 
Dyer-Lashof operations double the horizontal degree. 

• The individual columns E\^^_^^{X) = H^iD^X) are easily identi- 
fied, since ns{H^{X)) C h"(D2sX). 

• Each El ^,{X) is an object in T-LM, and each (f is >l-linear and both 
a derivation and coderivation. 

For references and a bit more detail about the E^ term, see ^2.31 

Remark 1.2. The careful reader may note that H^{n^X) G HQU satisfies 
one more condition than has been described: the dual of the classic restric- 
tion axiom for unstable ^-algebras, Sq^^^x = x^ . This property likely is not 
preserved by the filtration on H^iVf^X). The good news is then that this 
extra structure is available to be used to help determine extension problems. 

1.3. Universal differentials. Our first theorem identifies universal struc- 
ture on the spectral sequence. 

Theorem 1.3. For all spectra X, the following hold in {El^{X)}. 

(a) For all x G H^{X), d^{x) = ^Q'-^{xSq'). 

(b) Ify G H^{DdX) lives to E^ , andd''{y) is represented by z £ H^{Dd^rX), 
then Q''y G H^{D2dX) lives to E"^^ , and d'^'' {Q'-y) is represented by Q^{z) G 

(c) //y G H^DdX) represents z G H^(pP^X) in E^j^^{X), then Q'y G 
H^{D2dX) represents Q'z G H^Q^^X) in E'^^^^^{X). 
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A consequence of the first two parts of the theorem is the following iden- 
tification of universal differentials. 

Corollary 1.4. For all spectra X, x & H^{X), and I of length s, Q^x lives 
to ^{X) and 

d^\Q'x) = Y,Q'Q'~\xSq') G 

To further give context to what Theorem 11.31 says about how Dyer-Lashof 
operations work in the spectral sequence, let 

= C ^2 c . . . c S'' C • • • C Z*" C . . . C C = ^1 

be cycles and boundaries as usual, so that E"^ = Z"^ /B'^. Then Theo- 
rem ILSf b) implies that for all r, Dyer-Lashof operations on E^ restrict 
to maps 

: Z*" ^ Z^'^ and Q' : B'' B^''-\ 

As Z^^/i?^^"^ both includes into E'^'^^^ and projects onto E'^^ , one gets 
Dyer-Lashof operations of two flavors: 

This discussion holds when r = cxd, leading to the next corollary. 

Corollary 1.5. For all spectra X , E^^{X) G T-LQM., with structure induced 
from E^ . To the extent that the spectral sequence converges, this structure 
is also induced from H^,{VL^X). 

Remark 1.6. Since H^,{Q.°°X) is always an unstable ^-module, it follows 
that if X is 0-connected, then E'^^^{X) G HQU. We believe this is the case 
for all spectra X. 

Theorem 1 1 . 31 will be proved in ^ supported by the results in the preceding 
background section. We briefly comment on the proof. 

Statement (a) amounts to a calculation of 5.^, where 5 : X — > T1D2X is 
the connecting map of the cofibration sequence D2X — )■ P2X — > PiX ~ X. 
When |x| > 0, this was calculated (in dual formulation) by the first author 
in |K3] by means of universal example, and it is not too hard to extend this 
to all X. 

We give proofs of statements (b) and (c) that show that versions of these 
statements will hold in the spectral sequence associated to any tower of 
spectra admitting an action of the operad Coo- The key idea is to use the 
(once desuspended) Z/2 Tate construction in place of homotopy orbits. For 
example, where naively one might hope for maps 

{Pd{X) A Pd{X))hz/2 ^ P2d{X) 
which do not exist, vanishing results show that one does have maps 

t^/2{Pd{X) hPd{X)) ^ P2d{X) 
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which do the job. As tii2{X /\X) ~ honmS"L'2(S "X), the cohnearization 

' n 

of D2{X) in McCarthy's sense |McC| . our proof channels this idea as well. 
A technical point is that, at an appropriate moment, we need to pass from 
towers of S'-modules to towers of -?/Z/2-modules. 

1.4. An algebraic spectral sequence. We now build an algebraic spectral 
sequence using only the differentials given by the formula in Corollary 11.41 
Our discovery is that this spectral sequence can be completely described, 
with an interesting E"^ term. 

We need yet more terminology and notation related to the category lA. 

• Let : M. ^Uhe right adjoint to the inclusion. Explicitly, il°°M 
is the largest unstable submodule of M. 

• Let Q : U ^ U he right adjoint to the suspension T, : U ^ U. 
Explicitly, Q,M is the largest unstable submodule of T,~^M. 

• The functor is left exact, and we let Q'^ : Ai ^ U denote the 
associated right derived functors. 

It is convenient to let LsM = Q.Q.'fT?-~'^M. We observe that these func- 
tors have extra structure. 

Proposition 1.7. There are natural operations : LsM Lg+iM giving 
L^M the structure of an object in QAA. 

Our second theorem then goes as follows. 

Theorem 1.8. For all M E Ad, there is a left half plane spectral sequence 
'''(M)} described by the following properties. 

(a) The spectral sequence is a functor of AI taking values in TiAi, with each 
d^ both a derivation and coderivation. 

(b) Ef^t\M) = UQ{n^M) as an object in UQM. 

(c) d^' is not zero only when r = 2*, and d"^" is determined by the formulae 
in Corollary \1.4\ for x G M and I of length s, Q^x lives to E'^^^'^^ (M), and 

d^\Q'x) = Y,Q'Q'-\xSq'). 

(d) For all r, E^"^^'^ {M) is primitively generated with nonzero primitives 
concentrated in the —2'^ lines. For all r > 2^ , PE'^2^^2=+*{^^) ~ LsM . 

(e) ~(M) ~ Uq{L^M) as an object in UQU. 

Combining Corollary 11.41 and Theorem 11.81 yields the next corollary. 
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Corollary 1.9. For a spectrum X, the following are equivalent. 

(a) The spectral sequences {E^ ^{X)} and {E^"^^'^ {H ^{X))} agree. 

(b) E'L\],{X) = E--^^SX) for all c. 

(c) For all s > and t >2, the differential 

,2»(2'-l) . p2''{2*-l).ys p2''(2*-l) 
« • -^-2^* i^J ^ ^-2«+*,*+2=(2t-l)-l(-^) 

is zero on LsH^{X). 

Note that property (b) fails to hold only if there exists x G E\^ A^)-- ^"^^ 
r > c such that x lives to E"^ , and d'^x ^ 0. We call such a differential a rogue 
differential. The equivalence of (b) and (c) is then a reflection of the fact 
that the smallest c for which a rogue differential exists will necessarily have 
the form c = 2^, with a corresponding smallest r of the form r = 2^(2* — 1) 
with t > 2, and cf will then be nonzero on the primitives. See Remark 15.81 
for a bit more discussion. 

Theorem Ol^a) implies that E^^^^^^{X) = n°°H^{X), and it follows 
that, when X is 0-connected, rogue differentials off of the —1 line measure 
the failure of the evaluation map e* : Hjf(Q°°X) — t- 0,°°Hf,(X) to be onto. 
Theorem 11.3( b) and Corollary 11.91 then tell us that in some circumstances 
this can be the only source of rogue differentials. 

Corollary 1.10. LetX be 0-connected. Suppose thatU,°° H^{X) = LqH^{X) 
generates L^:H^(X) as a module over the Dyer-Lashof algebra. Then 

{E:^,{X)} = {El\r{H.{X))} ^ H^n'^X) ^ n^H^X) IS onto. 

We note that in every example we have calculated so far, L*M is generated 
by LqM as a module over the Dyer-Lashof algebra. 

Remark 1.11. It is tempting to hope that Corollary 11.41 and Theorem 11.81 
can be combined to tell us that, for all spectra X and all r, El^{X) is a sub- 
quotient of Et]^'^ {H^{X)). Our results do say that the algebraic boundaries, 
j^aig,r ^ are contained in the topological boundaries . To conclude that E^ 
is a subquotient of E^'^s^r ^ ^^^jj suffice to show that Z'' <Z B'' + Z^^s^r ^ 

Related to this, in ongoing work, the second author has determined that 
El^ ,^{X) is always primitively generated, with primitives which are subquo- 
tients of the primitives in E\^{X), viewed as ^-modules. It follows that, 
very generally, the only possible nonzero differentials are for r of the form 
2^(2* - 1). 

The development of our algebraic spectral sequence, and the proof of its 
properties as in Theorem 11.81 is the topic of [HI This relies heavily on SjH 
which is focused on the connection between TZg and . We say a bit about 
this connection here. 
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We relabel: let Rs = T^TZsT.'^^ : M ^ M. Let 4 : RsM Rs+iM be 
given by the formula 

where we have repressed some suspensions. The next theorem is a variant 
of theorems in [Goe] and [Pj . All such results go back to work of Singer [Si] 
for inspiration. 

Theorem 1.12. For all M e M, 

RqM ^ RiM ^ R2M ^ ■■■ 
is a chain complex with Hs{R*M;d) naturally isomorphic to VLfM. 
Remark 1.13. Recall that L^M = 9.Vtf{T}-''M). Theorem [132] says that 

7e,_i(s-iM) ^ 7^,(M) ^ 7e,+i(SM) 

has homology T.-^VLf{T}-''M) at 7^s(M). This may make it plausible 
(though by no means obvious) that there might be an algebraic spectral 
sequence with = UQ{n^M) and = Uq{L^M). 

In ^ we will give a complete presentation of Theorem 11.121 which is 
much more topologically based and less explicitly computational than sim- 
ilar results in the literature. Also included in this section is a proof of 
Proposition 11.71 

1.5. Examples. We give some examples showing the strength of our main 
results and their limitations. More details will be given in ^ 

Example 1.14. Let yl be a Z-graded abelian group, and let HA be the 
generalized Eilenberg-MacLane spectrum with iTn{HA) = An for all n. 

The evaluation map H^,{^°° H A) —?■ Vt°°H^,{HA) is onto in all cases except 
when ^0 or A-i has 2-torsion of order at least 4. 

LsH^:{HA) = for all s > in all cases except when A_i has 2-torsion 
of order at least 4, or when (a G ^0 I 2a = 0) —?■ iX" Z/2 is not an 
isomorphism. If ^0 is finitely generated, this last exception means that ^0 
has a direct summand of the form Z or Z/2'" with r > 2. 

When both properties hold we learn that 

E^.iHA) = EfS'^iH^iHA)) = A*{n°^H,iHA)). 

This agrees with classical calculation, e.g. H*{K('Z/2,n)) = U{F(n)), the 
free unstable algebra generated by an n-dimensional class. As cohomology 
is represented by mod 2 Eilenberg-MacLane spectra, this shows that the 
differentials described in Corollary 11.41 can be regarded as all the universal 
differentials. 

The three key exceptional cases are the following. When HA = HZ, there 
are no rogue differentials, and when HA = HTj/I^ with r > 2, d? is the 
only rogue differential. In both cases, E°° correctly computes the homology 
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of the discrete group. The case when HA = T.-^H'L/T' with r > 2 is most 
compUcated: there is an infinite family of rogue differentials, d?" ^'^'^ ''^^ for 
s > 0, leaving a trivial E°° term. 

Example 1.15. Let X = YP^Z ^ a suspension spectrum, so that is 
unstable. The tower is known to split — e.g., when Z is connected, 

d 

— and so the spectral sequence collapses at E^. Thus 

E:^,{X)c^UQ{n,{H4X))). 

As we clearly have no rogue differentials, our works says that 

E^,{X)^Uq{L,{H4X)). 

This is in agreement with the main theorem of |LZlj . which says (in 
dual form) that, M eU, then T.TZsM ~ Of (E^-W), so that 7^^M ~ 
= LsM. (In our context, see Theorem 1131) Indeed, it was 
interpreting the work of Lannes and Zarati this way that led us to the correct 
formulation of Theorem 11.81 

Example 1.16. Partially published work of Lannes and Zarati |LZ2j from 
the 1980's suggests that one might often be able to 'mix and match' the last 
two examples. We offer one such example. 
Let S^{1) be the cofiber of S ^ HZ. 

By dimension shifting, one can easily compute that, for all s > 0, 

L,H,iS\l)) = L,+iH,iS^) = ns+iH,{S^). 

There is a well known stable map = D2S^ ^^{1) whose image 

in homology is exactly Q°°H^{S^{1)), and one easily concludes that 

H,{n^s\i)) ^n^H,{s\i)) 

is onto. 

Corollary OO] now applies to say that ^^,(5^(1)) = ^/Q(7^*>o^^*(5'l)). 
This is in agreement with known calculation: Q'^S^{1) is the fiber of the 
split fibration r2°°S°°S'^ — > S^, and one can deduce that, localized at 2, 

d 

Example 1.17. Here is perhaps the simplest example of a rogue differential 
occurring in the spectral sequence of a 0-connected spectrum X. 

Let X be the cofiber of 4 : RP'^ RP'^. It is easy to see that H^{X) ~ 
-ff*(MP'^VSRP^) as right ^-modules, and so is unstable. Then the algebraic 
spectral sequence collapses, and the hypothesis of Corollary 11.101 holds. 

We conclude that the topological spectral sequence collapses at E^ if and 
only if H^{n°°X) ^ n°°H^{X) is onto. As will be explained in more detail 
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in §6.5t results about Brown-Gitler spectra apply to say that e,, cannot be 
onto. 

There is only one possibility for a first rogue differential: d^b = a^, where 
o G Hi{X) = E}_^^2i^) and b G H^iX) = EI^ q{X) are the bottom and top 
nonzero classes in E^^ ^. 

This example illustrates that even the additive structure of H^:{0,°°X) 
can not be determined by just knowing the ^-module H^{X). 

It also illustrates that if X is a spectrum built as the cofiber of a map of 
Adams filtration s between spectra with no rogue differentials, one expects 
d? to be the first rogue differential for X. 

The intriguing comparison between our algebraic E^ term and formulae 
in [HM] . as well as results in |LZ2] . and a number of our examples, suggest 
the following slightly vague query. 

Question 1.18. Does our arise via an unstable Adams spec- 

tral sequence converging to 

2. Preliminaries 

2.1. Prerequisites on spectra. T will be the category of pointed topolog- 
ical spaces, and S the category of 5-modules as in jEKMMj . An 5-module 
X is a spectrum of the classic sort (as in [LMMSj ) equipped with extra 
structure, and we let X„ denote its nth space. Thus n°°X = Xq. 

By a weak natural transformation F G between two functors with 
values in a model category, we mean a zig-zig of natural transformations 
F H ^ G (or F ^ H ^ G) for which the backwards arrow is a 
weak equivalence (on any object). We say that a diagram of such weak 
natural transformations commutes if it induces a commutative diagram in 
the homotopy category (on each object). 

Though we will try to not dwell too deeply on the details of the model, 
studied in [AK] , for our Goodwillie tower, the following proposition sum- 
marizes the formal properties of S'-modules that are needed to make the 
arguments in |AKj work. 

Proposition 2.1. The category S of S -modules has the following structure. 

• S is a topological category tensored and cotensored over F: given 
K & T and X G S, there are spectra K A X and Mapg{K, X), 
natural in both variables, satisfying standard adjunction properties. 

• There are natural maps rj : Mapg(K, X) — )■ Mapg{L A K,L A X). 

• There are natural maps 

MapsiK, X) A Map5(L, Y) Maps{K AL,X AY), 

which are weak equivalences if K and L are finite CW complexes. 

• The suspension spectrum functor : T ^ S commutes with smash 
product. 

• There are natural maps e : T,°° Map'j-{K, Z) Mapg{K,12°°Z). 
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• There is a weak natural equivalence hocolimS — )• X. 

n 

Here and elsewhere we write Ti~^X for Map5(5"', X). 

It is only the last item that really needs comment. See Appendix [Al for 
more discussion of this point. 

We end this subsection by describing the setting for the 'evaluation/diagonal' 
natural transformations 

which play a significant role in our work. 

As 5 is a topological category, Hom.s{X^Y) has the structure of a based 
topological space. A functor F : 5 — )■ 5 is said to be continuous if 

F : Hom5(X,y) ^ Hom5(F(X), 

is a continuous function. If F is also reduced, i.e. F{*) = *, then this 
continuous function is also based. 

Definition 2.2. Given a continuous reduced functor F : S ^ S, and K G 

T, we let 

e -.K AF{X) F{K AX) 
be adjoint to the composite of continuous functions 

K Roms{X,K AX) A iloms{F{X), F{K A X)), 

where the first map is the unit of the adjunction 

RomsiK AX,Y) Romr{K,Roms{X,Y)). 

2.2. The Tate construction. If G is a finite group, we let GS denote the 
category of 5-modules with a G-action: the category of 'naive' G-spectra. 

More generally, if i? is a commutative S'-algebra, we let G-i?-mod be the 
category of i?-modules with G-action. (For us, R will eventually be H'L/2.) 

Given Y € G-i?-mod, we let Y^q and Y^'-' respectively denote associated 
homotopy orbit and homotopy fixed point i2-modules. 

The homotopy orbit construction satisfies a change-of-rings lemma. 

Lemma 2.3. Given Y G GS and a commutative S-algehra R, there is a 
natural isomorphism of R-modules, R A Yhc = {R A Y)hG- 

There are various constructions in the literature, e.g. |ACDt IKK\ IGMj . 
of a natural norm map 

Ng(Y) : YhG ^ Y''^. 

The Tate spectrum of Y is defined as the homotopy cofiber of Ng{Y). It 
will be more convenient for us to desuspend this once and define tciY) to be 
the homotopy fiber of Ng{Y). Thus tciY) comes equipped with a natural 
transformation tciY) Yhc- 

The next lemma lists the properties we need about this. 
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Lemma 2.4. (a) tc takes weak equivalences and cofibration sequences in 
G-R-mod to weak equivalences and cofibration sequences in R-mod. 

(b) If X is a nonequivariant R-module, tciG-^- A X) ~ *. 

See \GM.\ Part I] for these sorts of facts. Statement (b) also follows from 
[SKl Prop.2.10]. 

When G = Z/2, there is a well known model for t^/20^)- Let p be the one 
dimensional real sign representation of Z/2, and let S""^ be the one point 
compactification of np. 

Lemma 2.5. (Compare with \GM\ Thm.16.1] J ForY G Z/2-R-mod, there 
is a natural weak equivalence 

tz/2{y) - holimMap^_^,,(5'^^y);,z/2- 

We now specialize to the special case Y = X ArX, with X an i?-module. 

Notation 2.6. Let X be an E-module. We let D^{X) = {X Ar X)hz/2 
and V§{X) = ty2{X ArX). 
One easily checks the following. 

Lemma 2.7. (a) For all S-modules X and commutative S-algebras R, 
there is an isomorphism of R-modules, D2{R A X) = R A D2{X). 

(b) For all R-modules X, there is a natural weak equivalence 
V^{X) ~ holimS"Df 

n 

Thus T>2 is identified as the colinearization of D2 in the sense of |McCj . 

Corollary 2.8. preserves cofibration sequences of R-modules. 

2.3. The homology of extended powers. When X is a spectrum, a 
construction of the Dyer-Lashof operations 

Q' : H,{DdX) ^ Hj+i{D2dX), 

for ah i e Z, is given by M. Steinberger in [BMMSl Thm.III.1.1]. An 
alternative construction is given later in the same book by J. McClure 
[BMMSl Prop.VIII.3.3]. He [BMMSl Thm.IX.2.1] also computes H^{FX) 
as an algebra with both Dyer-Lashof and Steenrod operations, where FX = 

The coproduct structure on i/*(PX) seems to be less well documented 
in the literature. Recall that the coproduct A is induced by the transfer 
maps tfc^c '■ Dh^c-X F)hX A DcX. The following lemma is presumably well 
known, and is analogous to |CLMt Thm.I.l.l(6)]. 

Lemma 2.9. For all y G H^{FX), if A{y) = Y^y' ®y", then 
A(Q'=2/)= EWC^QV- 

i+j=k 
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Sketch proof. Let p : X ^ X \/ X he the pinch map. li b + c = d, then tb,i 
is the (6, c)th component of the composite 



The diagram 



DaX Dd{X W X) = y DbX/\D,X. 

b+c=d 



D^DdX ^'^'^"^ ^ D^DdiX V X) 



D2dX ^!£l^L^ D2d{X V X) 



commutes, and the lemma follows from this, using the Cartan formula 

Qk{y' y") = ^ Qiy' ® Qiy". □ 

Crucial to us is the behavior of e : TiD^X — )• D^TiX on homology. 



Lemma 2.10. (a) : H^{¥X) i/^,+i(PSX) sends *-decomposables to 
zero, and has image in the primitives. 

(b) e,(g^y) = QHe*(y))- 

One reference for (a) is \AK\ Ex. 6. 7]. For statement (b), see [EMMSj 
Lem.IL5.6] (or alternatively, deduce it from [BMMSl Prop.VIIL3.2]). 

Corollary 2.11. The image of : H^{T.D2^{T.-^X)) H^{D2sX) is pre- 
cisely the subspace of primitives: the span of the elements Q^x with = s 
and X G H^{X). 

2.4. Dyer Lashof operations for T)2. 
Lemma 2.12. (a) The sequence 

...^ H,^2{D2{^~^X)) ^ H,^i{D2{^-^X)) ^ H,{D2{X)) 
is Mittag-Leffter. 

(b) 7r,(P™/'(FZ/2AX)) =limi/,(S"D2(S-"X)). 

n 

Statement (a) follows from Lemma 12.101 and then (b) follows from (a), 
noting that tt,{D^^^^ {HZ/2 A X)) = H^{D2{X)). 

Corollary 2.13. The natural transformation 

Q' : H,{X) ^ H.,+,{D2{X)) 

lifts to a natural transformation 

Q' : H,{X) ^ 7r,+,(P™/^(ra/2 AX)). 
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2.5. The cohomology of D2X. In the proof of Theorem 11.3( a). it wiU be 
useful to work with mod 2 cohomology. As in [K3], let 

Qo ■■ H*{X) ^ H^*{D2X) 

be the squaring operation, and then, for i > 0, let 

Qi:H*{X)^H^*+\D2X) 

be defined to be the composite 

H*{X) = H*+\T.^X) % F2*+2^(D2(S^X)) a H^*+\D2X). 

One also has a product * : H*{X) (g) H*{X) H*{D2X) induced by : 
D2X X A X. One has Qo{x + y) = Qqx + Qoy + x * y, while, for i > 0, 
Qi is linear. 

Lemma 2.14. H*{D2X) is spanned by the elements QiX and x * y. 

These operations are appropriately dual to the homology Dyer-Lashof 
operations. In the next proposition, QiX = Q^~^^^^x, as is standard. 

Proposition 2.15. Let{x,y) denote the cohomology /homology pairing. Given 
w,x (z H*(X) and y,z ^ H^,{X), the following formulae hold. 

{x,y) ifi=j 
otherwise. 
\{x,y){x,z) ifi = 
1 otherwise. 

\{w,y){x,y) ifi = 
1 otherwise. 
(d) {w*x,y*z) = {w,y){x,z) + {w,z){x,y). 

See [K3l Prop.A.l]. 

3. Proof of Theorem 11.31 

3.1. Proof of Theorem 11.31 (a). It suffices to prove this formula assuming 
X is a spectrum whose homology is bounded below and of finite type. In this 
case, it is easiest to ffist prove the cohomology version of Theorem 11.3( a). 

Recall from ^2.51 that H*[D2X) is spanned by elements QiX and x *y, 
with x,y e H*{X) and i > 0. 

As in the introduction, let 5 : X ^ T1D2X be the connecting map of the 
cofibration sequence D2X — )• P2X — )• X. 

Proposition 3.1. For x G H^{X), we have 5*{<jQrx) = Sq^^'^^^x. 

Proof. The proof uses ideas from [K31 Proposition 4.3] and |K21 Appen- 
dix A]. 

Let P(r, n) be the statement 

5*{aQrX) = Sq'+'^+^x for all x G //"(X). 



(a) {QiX,Qjy) = 

(b) {QiX,y*z)- 

(c) {w*x,Qiy) 
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We need to prove that P{r, n) is true for all r > and n ^"L. 

We first observe that, for r > 0, P{r — l,n + 1) implies P{r,n). To see 
this, we use that the diagram 

X T.D2X 



X ^ D2T.X 

commutes by the naturality of 5. So, if x G H^{X) and P{r — 1, n + 1) holds, 
then 

6*{aQrx) = 6*{e*{Qr-iax)) 
= (S~i5)*(Q,_iax) 

Thus it suffices to show P(0, n) for all n. By naturality, it is enough to 
show that 

where i„ G ff"'(S"'ffZ/2) is the fundamental class. 
We break this into cases. 

When n > 0, this was proven in p?3t Proposition 4.3] as follows. As 
is 0-connected, the cohomology tower spectral sequence for S"ffZ/2 
strongly converges to H*{K('Z/2, n)). Thus the element Sq^~^^in must be an 
eventual boundary, as Sq^'^^in = in H*{K{Z/2,n)). For degree reasons, 
the only way this could happen is if d*{aQoLn) = Sq^^^in- 

When n < —1, the degree of crQoLn is 2n + 1 < n, so 6* takes this element 
to zero. As desired, Sq^~^^in is also zero since n + 1 < 0. 

For the remaining cases, we use the fact that Sq'^ is injective on A in 
degrees and 1. 

We have Sq'^6*{aQQLn) = S*{aSq'^QoLn)- The Nishida relations for the 
operation Qq [K3, Proposition 3.15] tell us that 

2 " ( " / n — 1\ - 1 2 

Sq Qoin = {^jQ2l^n+ { Q jQoSq Ln + in* Sq Ln- 

Since 5* takes nontrivial products to zero, we deduce that 

Sq^6*{aQoin) = (^^S*{aQ2in) + S*{aQoSqhn). 

When n = 0, this equation and the established fact P{0, 1) imply that 
Sq'^5*{aQoLo) = Sq'^Sq^Lo- 
We deduce that 5*{aQoLo) = Sq^LQ. 
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When n = —1, the above equation and the established facts P(2,—l) 
(implied by P(0, 1)) and P(0,0) imply that 

Sq^6*{aQoi'-i) = Sq^i^i + Sq^Sq^i-i = Sq^i-i. 

We deduce that 5* ((T(5o'--i) = i-i- D 

If we define Q'^x = Qi-\x\x, the proposition says that, for all x € H*{X), 

6*{aQ'x) = Sq'+^x. 
By duality, we get the formula stated in Theorem ll.sr a): for all x € H^,{X), 

6.{x) = Y,^Q'~'HxSq'), 

i>0 

Remark 3.2. Variants of the formula in Theorem 11.3( a) go back at least as 
far as the 1966 paper |BCKQRS| . 

3.2. The strategy for the proof of statements (b) and (c). We outline 
the strategy of the proof of Theorem II. 3r b) and (c). 

First of all, what do we have to show? 

In (c), the statement 

'y G H^DdX) represents z G H^Q'^Xy 
means that, under the maps 

^ Pd{X) ^ Dd{X), 

we have Pd*{z) = id*{y)- So to prove (c), we just need to show that then, 
under the maps 

we have P2d*{Q'z) = i2d*{Q'y)- 
In (b), the statement 

'y G H^{DiiX) lives to , and (f{y) is represented by z G H^,[Dd+j.Xy 

means that there is an element w G H^,{Pd+T~i{X)), such that under the 
maps 

Dd{X) ^ Pd{X) ^^^^^ Pd+r-i{X) ^Dd+AX), 

we have id*iy) = Pd+r-i,dAw) and 6d+r-iAw) = az. So to prove (b), we 
just need to show that then, there is an element Wi G H^,{P2d-<r2r-i{X)) such 
that under the maps 

D2d{X) ^ P2d{X) i""""-^'" P2d+2r-liX) ^^^^ ^D2d+2riX), 

we have i2d*{Q'y) = P2d+2r-i,d^(wi) and 52d+2r-iA'^i) = crQ'z. 

We can also pass to ffZ/2-modules, and use elements in homotopy. Re- 
pressing this from our notation, we will assume this in what we do below. 
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For example, H^{V2{Pd{X))) will 'really' mean 7r*(P™/^(^Z/2 A Pd(X))). 

Theorem ll.Sr d follows from the following. 

Proposition 3.3. There is a commutative diagram of weak natural trans- 
formations 

^^n^x — ^ p,a{x) ^ — i)2d(x) 

in which left and right vertical maps are the composites 
and 

V2{Dd{X)) ^ D2{Dd{X)) A D2d{X), 
where fi is the standard operad action. 

Theorem II. 3r b) follows from the following. 

Proposition 3.4. There is a commutative diagram of weak natural trans- 
formations 

V2Dd{X) ^ V2Pd{X) ^ V2Pd+r-l{X) ^ T.V2Dd+r{X) 
D2d{X) -^-^ P2d{X) P2d+2r-l{X) ^D2d+2r{X) 

in which left and right vertical maps are as in the previous proposition. 

In interpreting the right square in this diagram, one should recall that 
T,V2Dd+r{X) ~ V2T.Dd+r{X), thanks to Corollary ESI 

To deduce Theorem ll.3f b). the needed element wi € H^,{P2d+2r-l{X)) 
will then be the image of Q'^w € H^,{T>2Pd+r-i{X)) under the vertical map 
second from the right. 

It remains to prove these two propositions. We do this at the end of the 
next subsection. 

3.3. Operad actions on towers. The following definition is from |AK| . 
Definition 3.5. If P is a tower in 5, then PAP is the tower in with 

(P AP)a = holim Ph A Pc. 

^ ' b+c<d 

Suggestively, we will let Dd denote the fiber of Pd — > Pd-i, and then let 
Fd denote the fiber of (P A P)d (P A P)d-i- From [AKl Cor.5.3] we learn 
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Lemma 3.6. There is a weak natural equivalence in Z/2-5 

b+c=d 

Note that there are Z/2-equivariant maps 

{P A P)2d+1 ^{PA P)2d ^Pd^Pd 

and 

F2d ^DdA Dd. 
Lemma 3.7. These maps induce equivalences of Tate spectra: 

H/2{{P A P)2d+l) ^ H/2{{P A P)2d) ^ V2{Pd) 

and 

H/2{F2d) ^V2{Dd). 

Proof. With e either or 1, filtered in the usual way, {P A P)2d+e has com- 
position factors of two types: 

• Di A Di with i < d. 

• Z/2+ AAA Dj with i < j and i + j < 2d + e. 
Meanwhile P^ A P^ has composition factors: 

• Di A Di with i < d. 

• Z/2+ AAA Dj with i < j < d. 

The first type of factors match up, and after applying tz/2i the second type 
become null. 

The proof for F2d is similar and easier. □ 

Now let P be the tower P{X), the Goodwillie tower for 
Recall that the Coo operad acts on the space Q°°X. In particular, there 
is a map 

The next proposition is our key geometric input. It is quite easily deduced 
from |AKl Thm. 1.10], and hopefully seems plausible. See Appendix iBl for 
a bit more detail. 

Theorem 3.8. There is a weak natural transformation of towers 

fi:{PA P)^2;/2 ^ P 
with the following properties. 

(a) There is a commutative diagram of weak natural transformations 

i^ri^^xfkm ^'""'^"'^ ^ {P A P)hz/2 



s^n'^x ^ p. 

(b) On fibers, /i corresponds to the maps D^ADc — )• A+c O'f^d D2Dd — ?> D2d- 
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Proof of Proposition \3.3[ We have a commutative diagram of weak natural 
transformations 



Z)2(S-J^°°X) . ((P A P)2d)hZ/2 iF2d)hZ/2 



p- 



2d 



D2d. 



Here the bottom squares commute by the last proposition, and the right two 
top vertical maps are weak equivalences by Lemma l3. 71 □ 



Proof of Proposition \3.4\ This time we have a commutative diagram of weak 
natural transformations 



V2Dd 



V2i 



■ V2Pd ■ 
I 



T>2P 



V2S 



^T^2Dd+r 
I 



l{F2d) ^H/2{{P^P) 



2d 



{{Pf\P)2d] 



)2d) 



hZ/2 



H/2{{P A P)2d+2r-l) ^ ^*Z/2(-^2d+2r) 



{{P A P)2d+2r-l)h1/2 ^ '^{F2d+2r)h1/2 



D2d 



P2d 



P. 



2d+2r-l 



^ '^D2d+2r- 

Again the top vertical maps are weak equivalences by Lemma 13.71 □ 



4. Derived functors of destabilization 
Li this section, we will carefully define the Singer complex 



RqM % RiM ^ R2M ^ R3M 



d2. 



da. 



of the introduction and prove Theorem 11.121 which says that the homology 
of this complex computes the derived functors Q^M for all M € Al. 

As a free standing theorem, Theorem ll.l2l is similar (and maybe identical) 
to |Goel Thm.3.17]. Goerss works totally algebraically, and at key moments 
his proof appeals to computations and ad hoc arguments by others including 
Singer [Sij, Brown and Gitler [BGj, and Bousfield et. al. iBCKQKS| . By 
contrast, we give a geometrically based construction of this chain complex. 



20 



KUHN AND MCCARTY 



with explicit calculations bypassed by appealing to our knowledge of the 
homology of the extended powers. 

Our proof of Theorem 11.121 makes use of the doubling functor $ : — >■ 
M, dual to Powell's use of it in the cohomological setting [P]. Also included 
in this section is a presentation of properties of ^ and : U ^ U needed 
in our construction of the algebraic spectral sequence in ^ Much of what 
we say about these functors is dual to cohomological presentations in [LZl] 
and [Sj. 

4.1. Injective resolutions in M. We say a bit about injectives in the 
category Ai. 

Since is a locally Noetherian abelian category satisfying good exactness 
properties, one knows a priori [Gab| IV. 2] that arbitrary direct sums of 
injectives in M. are again injective, and injectives can be written essentially 
uniquely as the direct sum of indecomposable injectives. It is useful for us 
to show this explicitly. 

Let A e be the dual of A, so = H^{HZ/2). Let V denote the 
category of Z-graded vector spaces. Given V G V, we let IV = V A^. 
Note that e : ^* — )■ Z/2 induces a map of graded vector spaces ey : IV — )■ V. 

Lemma 4.1. For all M £ A4, the natural map 

eM,v ■■ Hom^i(M, IV) ~ Homv(M, V) 

sending f to ey o f is an isomorphism. 

Sketch proof. If M is finite, S"Z/2 

: Hom^(M, S'^A) ^ is readily 

checked to be an isomorphism, and thus the same is true for €m,v when M 
is finite and V is finite dimensional. 

For finite M and arbitrary V, one then sees that CMy is an isomorphism 
by filtering V by its finite dimensional subspaces. 

For arbitrary M and V, one then sees that €My is an isomorphism by 
filtering M by its finite submodules. □ 

Corollary 4.2. The modules IV are injective objects of M, and every M G 
Ai admits an injective resolution of the form 

^ M ^ /F(0) ^ IV{1) IV{2) ^ . . . , 

for some graded vector spaces V{s) G V. 

Proof. As the functor sending M to Homv(M, V) is exact, we conclude that 
IV is injective in A4. 

Given M € A^, the ^-module map M — )• IM corresponding to 1m £ 
IIomv(M, M) is clearly monic. It follows that injective resolutions of the 
asserted sort exist. □ 

It follows that every injective in is a direct sum of modules of the form 
Ti'^A^, and thus is isomorphic to IV for some V €V. 
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4.2. Exact functors from the category ^A via topology. Let C 

A4 be the subcategory obtained as the image of : S ^ M. Thus the 
objects are the locahy finite .4-modules of the form H^{X), with morphisms 
all ^-module maps of the form f^, : H^{X) — > H^,{Y) for some f : X ^ Y. 
Let Ab be an abelian category, for example A4. Call a functor F : 
— > Ab homological if whenever X — t- y — )• Z is a cofibration se- 
quence, F{H^{X)) F{H^{Y)) F{H^{Z)) is exact at F{H^{Y)). The 
following is a useful way to construct exact functors from A^, and natural 
transformations between such. 



Proposition 4.3. (a) Any homological functor F : H^,{S) 
uniquely to an exact functor F : Ai ^ Ab. 



Ab extends 



(b) Let F,G : if* (5) — >• Ab be homological. Any natural transformation 
(f) : F ^ G extends uniquely to a natural transformation between the extended 
functors. 

To prove this, we first note that injectives in M can be topologically 
realized: given F € V, there is an associated generalized Eilenberg-MacLane 
spectrum HV ., satisfying it^{HV) = V and H^{HV) = IV. The next lemma 
is clear. 

Lemma 4.4. For all spectra X, the Hurewitz map induces an isomorphism 

[X, HV] ~ Hom^ {H4X),IV). 

Proof of Proposition \4.3\ Given a homological functor F : if* (5) — > Ab, we 
define its extension F : Ai ^ Ab as follows. Given M € A^, choose an exact 

sequence ^ M ^ H^{HV{0)) ^ H^{HV{1)), and then define F{M) to 
be the kernel of F{f^). Given a morphism a : M ^ in A4, one can 
construct a diagram 











M 



H,{HViO)) 



/3. 



H,{HW{0)) 



H,{HV(l)) 



H,{HW{1)) 



with exact rows. Applying F to the right square and taking kernels, defines 
a map F[a) : F[M) — )• F{N). It is routine to check that this gives a 
well defined exact functor which extends the original functor up to natural 
isomorphism. This proves (a). The proof of (b) is similar. □ 

4.3. A topological definition of IZsM. We construct various functors 
and natural transformations using the method of Proposition 14.31 

Definition 4.5. Define TZs '■ H^,{S) M.hy the formula 
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Thanks to our knowledge of £=„ as summarized in Lemma [2. 10^ we see that 
lZsH^{X) = {Q^x I /(/) = s,x G (unstable and Adem relations). 

We remind readers that the Dyer-Lashof Adem relations are 

and that the Steenrod algebra acts via the Nishida relations 

i 

Lemma 4.6. TLg is homological. 

Proof. This follows immediately from the observation that the natural map 
of graded vector spaces 

07^,(s"z/2) ® ^ ns{H,{x)) 

sending Ln®x to Q^x is an isomorphism. (In this formula, Hn[X) should 
be regarded as just a degree vector space.) □ 

Definitions 4.7. (a) Let TZg '■ -M. ^ M. he the exact extension of IZg ■ 
H^S) ^ M. 

(b) Let e : T,TZsM T^^SM be the natural ^-module map induced by the 
natural transformation e : 1^020 X D2sTiX. 

(c) Let ^ : TZsTZtM — )• TZg+tM be the natural ^-module map induced by 
the natural transformation fj, : D2''D2tX — > D2s+tX. 

(d) Let : (JZsM)n — > {TZs+iM)n+i be the natural Z/2-linear map induced 
by the Dyer-Lashof operation : Hn{D2sX) — > Hn+i{D2s+iX). 

We can immediately deduce lots of properties of these natural transfor- 
mations. We note, in particular, a couple. 

Lemma 4.8. (a) The operations satisfy the Adem relations, the Nishida 
relations, and the Dyer-Lashof unstable relation. 

(b) The diagram 



commutes. 
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Remark 4.9. Observe that 7^o(M) = M, and e : E7^oM ^ TeoSM is just 
the identity map on SM. 

Another elementary property we will need involves connectivity. 

Lemma 4.10. If M is (n — 1) connected, then TtgM is 2^n — 1 connected. 

Proof. This follows from the observation that if X is (n — 1) connected, then 
DiiX is dn — 1 connected. □ 

Now we introduce algebraic differentials. As before, 6 : X ^ T1D2X is 
the connecting map of the cofibration sequence D2X —?■ P2X — )■ X. 

Definition 4.11. Define ds : TZs{M) — >■ 7^s+i(SM) to be the natural trans- 
formation induced by the composite 

6s : D2sX D2ST.D2X D2SD2T.X A D2^+iT.X. 

Explicitly, the computation of (5* given in Theorem ILSf a) tells us that 

Proposition 4.12. The composite 

Us-iiJ^-^M) ^ TZs{M) ^ 7e,+i(SM) 

is zero. 

This is an immediate consequence of the following topological version, 
and since homology is compactly supported, we really just need this result 
when X is a finite CW spectrum. 

Proposition 4.13. The composite 

D2.-i{X) ^ D2s{T.X) S D2s+i{Y?X) 

is null. 

Proof. It is easy to see that this composite factors through D2S-1 applied to 
the composite 

X ^ D2{^X) ^ Di{T?X). 

Thus we just need to show that this last composite is null. 

The trick now is to colinearize these functors and maps. Generalizing our 
previous notation T>2, for any d, let V(i{X) = holim„ Ti^Dd{Ti~^X). 
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Colinearization then yields a commutative diagram of weak natural trans- 
formations 

V,{X) 

So 

P2(SX) -Z)2(SX) 

Si 

P4(S2X) ^L>4(S2X). 

As the top horizontal map is clearly an equivalence, the proposition will 
follow if we can show the left composite is null. 
We offer two rather different reasons for this. 

The first argument only seems to hold when X is finite, and depends 
on consequences of the Segal Conjecture for elementary abelian 2-groups. 
Namely, the first author showed |KH Cor. 5. 3] that 'D4{X) ~ * if X is finite. 
(In this case, it is also true that the top left vertical map is an equivalence 
after completing at 2.) 

A second, more elementary argument goes roughly as follows. The colin- 
earized functors preserves cofibration sequences, and are null unless d is 
a power of 2. Then it is not too hard to show that the left vertical sequence 
is equivalent to the composite 

Vi{X) T.V2{X) s2p4(X) 

of the two connecting maps associated to the colinearization of the tower 

PiiX) ^ P2{X) ^ Pi{X), 

so that their composite is null. □ 

Remark 4.14. A direct algebraic proof of Proposition [¥.121 is possible. Using 
both the Dyer-Lashof Adem relations and the Adem relations in A, one 
needs to show that 

Y,^Q'-'Q'-\xSq^Sq^)=0. 

i>0 j>0 

Goerss |Goel Lem.3.13] points to Brown and Gitler's assertion that a calcu- 
lation like this is straightforward [BG^ Lem.2.3], and one can check that it 
is. 

4.4. The doubling functor and 7^*(M). In the cohomological setting, 
the following definition should be familiar to readers of |LZ1| and [S]. 

Definition 4.15. If M G M, <I>(M) e M is defined to be the module 
concentrated in even degrees, with <^(M)2n = Mn and with <j){x)Sq^'^ = 
4>{xSq^). (Here, given x G M„, we have written (f>{x) for the corresponding 
element in <I>(M)2n-) 

Basic properties are listed in the next lemma. 
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Lemma 4.16. (a) $ is an exact functor preserving unstable modules. 

(b) $(iV O M) = $(7V) $(M). /n particular, $(EM) = E2$(M). 

(c) Zei r2(M) = (M M)^/2 and ^^(M) = (M (g) Mj^^/a- The composite 
r2(M) --^ M M ^ 52 (M) naturally factors as a composite 

r2(M) ^ $(M) 52(M), 

where the second map sends (p{x) to x'^. 

(d) Let sqo : M — > $(M) be the linear map defined by letting sqo{x) = 
(f){xSq^) if X G M2n- If M is unstable, then sqo is A-linear. 

For a proof of (d), see [S, p. 26]. 

Definition 4.17. Let go : ^{M) -)■ T^iM be defined by tfie formula go(<A(2^)) = 
QI^'x. More generally, define go : ^(T^sM) — > TZs+iM to be the composite 
$(7e,M) ^ TZiUsM A Us+iM. 

Lemma 4.18. go is A~linear. 

Proof. As usual, one need just check this when M = H^,{X). The identity 
QI^'x = x"^ G Hjf{D2X) for all x G implies that the composite 

^{H,{X)) % ni{H,{X)) C H,{D2X) 

equals the composite 

^{H,{X)) ^ S'^{H,{X)) ^ H,{D2X), 

and so is ^-linear. □ 

The following lemma is crucial. 

Lemma 4.19. For all M £ M and s > 0, the sequence 

^ $(7l,_i(M)) ^ TZsiM) 4 ^-^TZsi^M) 

is short exact. 

Proof. It is convenient to use lower indices for Dyer-Lashof operations: 
QiX = QI^I"'"'x. Suppose M has a homogeneous basis {xq}. Then the Adem 
relations show that TZs{M) then has a basis given by 

{QioQh ■ ■ ■ QisXa I < io < ii < • • • < is}- 

Since 

and QiX = if i < 0, the lemma follows. □ 
The next lemma is clear from the definitions. 
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Lemma 4.20. (a) The diagram 

7^,7^^(M) 



7^,7^^+l(SM) 

commutes. 

(b) The diagram 

^{TZs-iiM)) 



ns+t{M) 

ds+t 



n 



s+t+l 



90 



TZsiM) 

da 



$(7^,(SM)) 



90 



■^s+i(SM) 



da 

S-l7^,+l(S2M) 



commutes. 



4.5. The derived functors of destabilization. We now relabel as in the 
introduction. 

Definition 4.21. Let Rs = S7^sS"-l : M ^ M. 
With this notation, the chain complex 

Eno{T,-^M) S7^l(M) ^ S7^2(EM) S7e3(S2M) ^ . . . 
rewrites as 

Ro{M) % Ri{M) ^ R2{M) % RsiM) ^ . . . . 
The following is a restatement of Theorem 11.121 
Theorem 4.22. For all M € A4, there is a natural isomorphism 

H,{R,{M);d,) ^nfM. 
In the usual way, this theorem is a consequence of the next three lemmas. 
Lemma 4.23. Rg is exact for all s. 
Lemma 4.24. Hq{R^{M); d^) = n°°M. 

Lemma 4.25. For all n e Z and s > 0, d^) = 0. 

The first of these lemmas is evident, and we quickly check the second. 

Proof of Lemma \4.24\ We need to compute the kernel of do : M ^ T,TZiM, 
and we recall that 



i>0 
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Then 

X e ker(do) ^ Q'-^{xSq') = for alH > 

44> xSq^ = whenever i — \ >\x\ — i 
^ xSq^ = whenever 2i > \x\. 
^x€ Q°°M. 

□ 

The proof of Lemma [4.25l will take a bit of preparation. Firstly, Lemma[4T9] 
and Lemma 14.20( b) combine to tell us the following. 

Proposition 4.26. $(i?*_i(SM)) ^ Y^R^M) 4 R^Y^M) is a 
short exact sequence of chain complexes. 

Temporarily, let Hs{M) = i/^ (M) ; ) . The short exact sequence of 
Proposition 14.261 induces a long exact sequence 

^ T.Ho{M) ^ Ho{T.M) ^ $(i7o(SM)) ^ Si7i(M) ^ ... 

...^ i7,_i(SM) A ^>(i?,._i(SM)) ^ Sif,(M) Hs{T.M) ^ ... 
We need to identify the first boundary map. 

Lemma 4.27. Hq{T.M) — )• (^{Hq{T.M)) identifies with the map 

17°°(SM) ^ $(J1°°(SM)). 
Proof. If (Tx € 17°° (SM) has \cyx\ = 2n, then we have the correspondence, 
under the maps SM ^ Si?i(M) ^ $(SM), 

(Sdo)(^x) = a(io(x) = aQ^-\xSq'') = qoiH^xSq'')) = qo{sqo{ax)). 
Thus d{ax) = sgo(crx). □ 

In dual form, the following lemma corresponds to the familiar fact that 
the map Sqo : F{n) — >■ F{n), sending x to Sq^^^x, is monic. Here F{n) is 
the free unstable y^-module on an n-dimensional class. 

Lemma 4.28. For all n£Z, n°°{T,''A^) ^ ^'(^^(S'^yl*)) is onto. 

We are finally ready to prove Lemma I4.25[ The proof is dual to the proof 
of [El Proposition 9.4.1]. 

Proof of Lemma \4.25\ By induction on s > 1, we prove that Hs(Y,"A^:) = 0. 
In all cases, we consider the exact sequence 

In the initial case when s = 1, the previous two lemmas show that d is onto. 
If s > 1, then, under the inductive hypothesis, <I>(ifs_i(E"+^^*)) = 0. Thus, 
in all cases, we can conclude that F[s{T,'"'^^A^,) is monic for 

all n. But, by Lemma [4. 101 the connectivity of is at least 

(2^^ — l)m + 2^(n + s — 1), and so goes to infinity as m goes to infinity. □ 
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4.6. First consequences. Theorem 14.221 when combined with Proposi- 
tion 14.261 and Lemma 14. 27^ impHes the following. 

Corollary 4.29. For all M ^ A4, there is a natural long exact sequence 



Remark 4.30. This long exact sequence already appears (in dual form) in 
[LZTl §4.1]. One observes that, if M /*(M) is an injective resolution in 
M, then so is SM T.h{M), and 

^ S17°^(/,(M)) 4 0°°(S/,(M)) ^ $(1^°°(S/,(M))) ^ 

is short exact. This short exact sequence of chain complexes then induces 
the long exact sequence of the corollary. 

It is amusing that sqq identifies with the boundary map in our derivation, 
while qq identifies with the boundary map in the Lannes-Zarati approach. 

Next we note that Lemma [4.101 implies the following general connectivity 



Corollary 4.31. If M e M is n-connected, then r2^(M) is at least 2'*(n + 
s)-connected. For all M £ M, colim (S"M) = for all s>l. 

n 

The reasoning we gave in the proof of Lemma 14.251 then proves the fol- 
lowing useful criterion for the vanishing of the higher derived functors. 

Proposition 4.32. // sqo : J^~(S"M) ^ ^>(17°°(S"M)) is onto for all 
n>l, then (M) = for all s > 1. 

Following |LZlj and |Goej . we now deduce some properties of r2^(S~*M) 
when M is unstable. 

Lemma 4.33. Suppose M is unstable. Then, for all s > 0, lZs{M) is also 
unstable, and dg '. TZs{T,~^ M) TZs+i{M) is zero. 

Proof. Though this admits an algebraic proof, to show how the algebra 
follows the topology, we offer a topologically based proof. 

We begin by observing that every unstable module embeds in the homol- 
ogy of a space: ii M C IV and is unstable, then M C Q'^IV = H^iQ'^HV). 
Thus it suffices to prove the lemma when M = H^:{Z), where Z is a space. 

In this case, TZs{II^{Z)) C H^,[D2b Z), which is unstable, as D2^Z is a 
space. 

To see that dg ■ TZs{Ti~^ H^{Z)) — > Tls+i{II^,{Z)) is zero, we recall that 
it is induced by a geometric stable map 6s : D2s{Ti~^Z) — )■ D2s+i{Z). (We 
identify Z with We observe that this map is null: 6s factors through 

D2''{6o), and 6o : T,~^Z — >• D2{Z) is null as T,6o is the first boundary map 
in the tower associated to 'E,°°Q°°T,°° Z , which splits into the product of its 
fibers. □ 



estimate. 
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As J7^(S^~^M) is the homology at the middle term of the complex 

E7^,_l(S-lM) S7^,(M) ^ S7^,+l(EM), 

the lemma leads to the next result. 
Theorem 4.34. Suppose M is unstable. 

(a) 17f (S^-W) ~ S7e,(M), so that nnf'{T,^-'M) ~ 7^,(M). 

(b) More generally, if s > t, then 17f (S"*M) ~ S7^s(S*"*"lM), w/iic/i is 
a quotient of Ti^^^lZg^M) . Thus r2^(S~*M) is an {s — t)-fold suspension of 
an unstable module, and so (S-*M) = S-^+*+l7^^(S''-*-lM). 

(c) 17f (S-^M) ~ coker{4-i : ^Us-ii^^^M) S7^,(S-lM)}. 

The first statement here is the main algebraic theorem of |LZlj . and the 
last was observed in [Goe', Cor. 5. 4]. 

4.7. Dyer Lashof operations on derived functors. We need to explain 
Proposition 11.71 which said that the sum of the looped derived functors 
r2r2^S^~*M is an object in QAi. Otherwise said, we need to explain why 
there exist natural transformations 

fj, : TZsnn^T.^-*M nnf^^T.^-'-^M 

compatible in the usual way. 

Firstly we note that Lemma I4.20r a) and Theorem 14.221 together imply, 
when one is careful with suspensions, that the maps 

H : TZsKtM ^ TZs+tM 

induce maps 

We now need a better understanding of (M) for general Af G A^. 
The following lemma is dual to [HI Prop. 1.7. 5]. 

Lemma 4.35. Vl : U ^ lA has only one nonzero right derived functor Vli. 
For all M & U , there is an exact sequence 

^ ^ M ^ $(M) ^ T,niM 0. 

Prom the long exact sequence of Corollary 14.291 we thus deduce the fol- 
lowing. 
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Corollary 4.36. For M E M., the following diagram commutes, and the 
bottom row is short exact: 



s+l 



(SM) 



<?o 



Proof of Proposition \1. 7\ From the commutative diagram of Lemma 14.81 



we deduce that the following diagram commutes: 



M 



For M G A^, we then define 



to be the natural transformation induced by taking the image of the top and 
bottom horizontal maps in this last diagram. 

These natural transformations for all s and t are equivalent to defining 
natural Dyer-Lashof operations 



□ 



for all i S Z, which raise degree by i, and satisfy the usual properties. 
Definition 4.37. Define go : ^(J^f^f (SM)) nnf^^{M) by the formula 

5. The algebraic spectral sequence 

In this section we explain why, given M £ A4, there is a well defined 
spectral sequence of Hopf algebras as in Theorem II. 8t 

. Ef^!'\M) = UQ{n,{M)). 

• Nonzero differentials are only the d?'" , and, for x € M and / of length 
s, Q^x lives to Et]l''^\M), and d^^Q^ x) = Y^^-^^Q^ Q^-\xSq^). 

• For all r, £'*'|''^(M) is primitively generated with primitives concen- 



trated in the —2'^ hues. For all r > 2^*, PE 



alg,r 



XM) ~ L,M. 
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5.1. A complete description of the algebraic spectral sequence. We 

will rewrite both i?"'f'^(M) and i?*'f'°°(M) in a manner that will allow us 
to also describe the intermediate pages -E"'!'^ (-^)- 

For clarity, in the rest of this section we use the following notation. 

Notation 5.1. We let E''{M) = Ef^!'''{M), LsM = OJ^f S^-W, C^M = 
coker{7^s_lS-^M TlsM}, and HsM be the homology at TZsM in the 
sequence Us-i^-^M UsM ^ 7^,+lSM. 
We note a couple of relationships between these: 

• ^ HsM CsM ^ 7^s+lSM is exact. 

• L^M = im{T.HsT,-^M ^ H^M}, by Corollary g^H 
We use the following module structures: 

• For any N G M, the natural inclusion ^{N) C S'^{N) makes S*{N) 
into a S*{<^{N)) module. 

• The natural map go : ^{TlsM) TZs+iM makes S*{TZs+iM) into 
an 5*($(7e,M))-module. 

• The natural map qq : ^{LgM) — )■ L^+iM makes S*{Ls+iM) into an 
5*($(L,M))-module. 

We will have: 

e\m) = s*{noM) 05n*(7^oM)) s*{niM) ^5*(*(7^iM)) 5*(7^2M) . . . , 

E\M) = S*{LoM) ®s'mLoM)) S*{CiM) (g)s*i<s>iTz,M)) S*(7^2M) . . . , 

E\M) = S*{LoM) (g)s*(HLoM)) S*{LiM) ®5-($(LiM)) S*{C2M) . . . , 
etc., ending with 

E^{M) = S*{LoM) (E)s*mLoM)) S*(LiM) 05*(*(LiM)) S*{L2M) . . . . 

We say this more formally. 

Definition 5.2. Let r,(M) = 5*(C,M) 05-(*(7e.M)) 5*(7^,+lM). 

Theorem 5.3. (a) TgiM) is a differential graded algebra with a differential 
d of degree -1 induced by ds : TZsT,~^M — )■ TZs+iM as follows: d{y) = for 
y € TZs+iM , and for x e CsM, d{x) = ds{x) where x € lZs{Ti^^M) is any 
element such that ax maps to x under the composite 

T,nsT.-^M ^ TZsM Cs{M). 

(b) H,iTsiM);d)^S*iLsM) S*{Cs+iM). 
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We assume this key result, and continue with our presentation. 
We have an addendum to this last theorem. 

Lemma 5.4. The differential d : Vs{M) — >■ Vs{M) commutes with both the 
S*{Ls{M))-module structure and the S*{TZs+iM) -module structure. Thus 
the isomorphism of part (b) is as S*{LsM) S* {TZs-\-iM)-bim,odules. 

Proof. The only nontrivial point to check is that, if ,t € LgAI, then d{x) = 0, 
where d{x) is calculated as in the theorem. For this, one has the following 
commutative diagram 

^ Hs^-^M ^ Cs^-^M Us+iM 

€* 6* 

; ; ; ; 

LsM ^ CsM 

where the top row is exact, and the vertical maps have degree +1. 

One can thus lift any x G LgM to an element in HsT,~^M, which will 
then map to zero in TZg+iM, and thus also in Ts{M). □ 

This lemma allows us to define the pages of our spectral sequence. 

Definition 5.5. Let {E^\M);d^") be the differential graded algebra 

(r,(M);d) ®s 

where 

As{M) = S*{LoM) ®5*(*(ioM)) S*{LiM) ® ... 05-($(l._2M)) 5*(L,_iM) 
and 

B,{M) = S*{ns+2M) ®5*(*(7e,+2M)) S*{ns+3M) ®5*(*(7^.+3M)) • • • ■ 

Lemma 5.6. (a) As{M) is a free S*{<^{Ls-iM))-module. 
(b) Bs{M) is a free S* {•^{TZsM)) -module. 

Proof. Statement (a) is a consequence of the familiar general fact that, for 
any N e M, S*{N) is a free S'*($(A/"))-module. Statement (b) similarly 
follows from the fact that, for any t and M, qq : ^(TZtM) — >■ TZt+iM is 
monic, so that S'*(7^^+lM) is a free 5*($(7^^M))~module. □ 

We now can show that we really have defined a spectral sequence. 
Proposition 5.7. H4E^\My,d^') = E^'^\M). 
Proof. H4E^'{My,d^') is the homology of 

As{M) ®5*(*(L,_iM)) (r.(M);d) (8)5*($(7J,+iM)) BsiM). 
By the last lemma, this equals 

As{M) ®5*(*(L._iM)) i?*(r,(M);d) (8)5*($(7^.+iM)) Bs{M). 
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By Theorem 15.31 this is 

AsiM)^s*(HLs-iM))S%LsM)c^sHHL.M))S%Cs+iM)^s*(Hns+iM))BsiM). 
This regroups as 

(M) 



which is just E"^"^^ (M) 



□ 



Remark 5.8. We need to say a httle bit about the coproduct structure on our 
spectral sequence. Note that E'^'f'^ (M) is generated as an algebra by Lt{M) 
with t < s, Cs{M), and TZt{M) with t > s. Assuming by induction that these 
are all primitive, our formula for d? sends these generating primitives to 
primitives, and it follows that d?" will be a coderivation, and so -E^'l'^ (M) 
will again be a primitively generated coalgebra of the same form. 

With this Hopf algebra structure in place, we can explain why Corol- 
lary 11.91 is true. This corollary concerned when the algebraic and topolog- 
ical spectral sequences agree. Primitives get mapped to primitives under 
■ El ^{X) — )• El^{X), and the algebraic spectral sequence has primi- 
tives concentrated on the —2'^ lines. It follows that a first differential in 
the topological spectral sequence for X differing from the differentials in 
the algebraic spectral sequence for H^{X) would, in lowest filtration degree, 
necessarily have the form 



d 



-2»(2'-l) . ^2''(2*-l) 



'{X) -^-2s+*,*+2^(2«-l)-l("'^) 



for some t >2, and that the primitives in E_2s * {-^) would identify with 
LsH^{X). This proves Corollary dH 

It remains to prove Theorem 



5.2. Reduction of Theorem [5T3] to a proposition. Theorem 15.31 will be 
a special case of a general proposition. 

We start with a diagram of graded vectors spaces (or locally finite right 
^-modules) 



(*) 



$(C/) ^ 




where ejj-, ey, and ew have degree -|-1, other maps are of degree 0, the 
columns are exact, and the two bottom rows are chain complexes. 
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We let p : V ^ V/ imdfj be the projection, and we let ime* denote the 
image of ev* ■ H{V') H{V). 

Now let r = S*{V/liadu) (8)5.(4,(1/)) S*{W'). 

Proposition 5.9. In this situation, the following hold. 



(a) r admits the structure of a differential graded algebra with differential 

d of degree -1 defined by the maps V/ midjj <^°^^ V — ^ W : d(w) = for 
w G W, and for V G V/imdu, d{v) = d'y{v) if p{e{v)) =v. 

(b) H4T;d) ^ 5*(ime,) ®s*(*{ime,)) S*iW'/imd'y). 

Then Theorem 15.31 is the proposition applied to the diagram 



90 







90 











5.3. Proof of Proposition 15.91 The idea of the proof of Proposition 15.91 
is to reduce the situation of the proposition to simpler and simpler cases. 

Our first reduction is most dramatic: one can assume that U', and thus 
also U, is 0. To see this, we construct a 'quotient' of diagram (JV). 

Let V = V/imdu, W = W, V' = V'/{imd'^ + imqu), and W = 
W' I im d'y o qu . 

Our original diagram (JH) will map in an evident way to the diagram 



(❖) 



— 







— 



w' 
w 





in which all maps are induced from the corresponding map in (J^). 
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Let r = S*{V) (8)5* ($(y)) S*{W'). The next lemma shows that proving 
Proposition 15.91 for the situation of diagram (J^) reduces to proving it in the 
situation of diagram {(}). 

Lemma 5.10. (a) ey '■ V' ^ V is an isomorphism, of degree +1. 

(b) The third column of is exact. 

(c) W'/imd'y ~ W'/imd'. 

(d) im{ev, : H{V') H{V)} ~ im{ev, : kerd' ^ kerd} = kerd'. 

(e) The natural algebra map T T is an isomorphism. 

Proof. Diagram chasing with the left two columns of (X) shows that there 
is an exact sequence 



^U)^V'/imd'u^ 



V/ im du 0, 



and statement (a) follows. 

It is standard that given maps in an abelian category, there 

is an exact sequence coker / — > coker gf — > cokergi — > 0. Apply this to 

^{U) ^{V) ^ W to deduce statement (b). Apply this to V % 

W' W to deduce statement (c), noting that 

coker{y' ^ W'] = coker{y' ^ W']. 
To deduce (d), let V = V' / imd'^j. One has a commutative diagram 

V' — ^ V' V 



W 



W 



W, 



where the indicated isomorphism is the isomorphism of (a). Taking kernels, 
one gets 

H{V') ^kerd' ^ H{V), 

and we need to check that the first map here is onto. But this follows because 
the left square fits into a commutative diagram 

<^{U) V' - 



d' 



W 



■V'- 

d' 

w' ■ 







■0 



with exact rows. 

Finally, we need to prove (e), which says that the evident quotient map 
S\V) ^sHHV)) S*iW') ^ S*iV) ®5*(*(V)) ^*(^') 
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is an isomorphism. 
On one hand, 

S*{V) »5*(#(y)) S*{W') = S*iV@ W')/I, 

where / is the ideal generated by the elements —p{v)'^ + qy{(j){v)), v € V. 
On the other hand, 

s*{v) ^s-mn s*iw') = s*{v e w')/i, 

where I is generated by the elements —p{v)'^ + Q'y (0(v)), v & V, and also 
the elements qY{(j){du[u))), u & U. But this second family of elements is 
included among the first, as p{du{u)) = 0. □ 

We thus just need to prove Proposition 15.91 for diagrams of the form ({>). 
Simplifying notation, this means we need to prove the following proposition. 

Proposition 5.11. Suppose given V W with 6 having degree -1, 

and let T{5^q) = S*{V) (^s'(^(V)) S*{W). Then T{5,q) admits the structure 
of a differential graded algebra with differential d given on generators by 

d{v,w) = (0,5(1-)), 

and there is a natural isomorphism 

H*{r{6,q);d) ~ 5*(ker5) ^^.(^(ker^)) S*{cokev6). 

Proof. We first explain why T{6,q) admits a derivation d as claimed. 

Very generally, if C7 is a graded Z/2-vector space, and M is an S*{U)- 
module, one can compute Der(5*(C/), M), the vector space of derivations 
S*{U) M, by the formula 

Der{S*{U),M) = Boms^^u)i^s'iU), M) = Bom^/^iU, M), 

where is the i?-module of Kahler differentials of a commutative ring R 
[Wl 8.8.1]. The first equality here is tautological, the second then follows 
from the calculation r2s*(;7) ^ S*{U) (8> U, which can be deduced from \W\ 
9.2.4]. 

Specialized to our situation, we learn that there is a unique derivation 

d : S*{V®W) S*{VeW) 

which restricts to the linear map V ® W ^ V (B W, {v, w) i-)- (0, 6{v)). As 
this linear map gives zero when composed with itself, it follows that dod = 0. 
Checking that this passes to a differential on the quotient algebra, 

d:T{6,q)^T{6,q), 

amounts to the observation that, for any v , 

div"^ - qiHv))) = 2vd{v) - d{q{(j){v))) = 0. 

We now turn to computing the homology of T{5, q). 
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We first consider the special case when q is identicahy zero, and write 
T{6) for r((5,0). Since S*{V) ^s*{'S>{V)) = A*(y), we see that, as an 
algebra, 

T{6) =A*{V)^S*{W). 
We can also assume that our map 6 : V ^ W has the form 

where K = ker 6, C = coker 6, and the identity map lu is viewed as a map 
of degree -1 from U to its desuspension. In this case, 

Ti5) = A*{K) (g)T{lu) S*{C), 

as differential graded algebras. But T{lu) = A*{U) (g) S*{T,^^U) with the 
Koszul differential, which is well known to be acyclic |Wl Cor. 4. 5. 5], and 
easily checked to be: it is the tensor product of complexes of the form 
A*(x) (8) 1j/2[dx] whose homology is Z/2. Thus we see that 

H,{T{6)) = A*{K)(g)S*{C), 

and the proposition is true for the case q = 0. 

Now we consider the case of a general q, and begin by constructing a 
natural map 

a* : 5* (ker (5) ®5.($(kerd)) 5'*(coker5) H^.{T{6,q)). 

The evident inclusion into the cycles 

keideW ^ Z^{T{6, q)) 

extends to an algebra map 

S*{kei6)^S*iW) ^ Z,{T{6,q)) 

which is easily seen to descend to an algebra map 

a, : S*{keT6) ®5-($(ker5)) S*{W) ^ Z,(r(5,g)). 

As the ideal (imS) C Z*(r((5, g)) is contained in the boundaries B^:(T(6,q)), 
induces the needed algebra map 

a* : 5* (ker 5) ® s* (^(^ex l,)) 5"* (coker (5) //*(r((5, g)). 

We show that a* is an isomorphism with a little spectral sequence ar- 
gument. Filter Y{b^q) by powers of the augmentation ideal, i.e. let = 
{V © Wy C r{6,q), and consider the associated spectral sequence converg- 
ing to H,{T{S, q)). 

The generating relations in T{6,q), q{(j){v)) = v'^, for v £ V, imply that 
q{(p{v)) = mod F2, so is identified with T{6), and thus 

E'^ = H^{r{6)) = A* (ker 5) © S* {coker 6), 

by the q = case of the proposition already discussed. 

As the generators ker 5 coker 5 are clearly permanent cycles in the image 
of a*, we see that the spectral sequence collapses at E'^ and a* is onto. 
Filtering the domain of a* by powers of its augmentation ideal reveals that 
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it too has A*(ker5) 5*(coker(5) as an associated graded algebra, and we 
conclude a* is an isomorphism. □ 

6. Examples 

We fill in some detail with some of the examples given in the introduction. 

6.1. Generalized Eilenberg MacLane spectra. We discuss Example ll.141 

which concerned our spectral sequences for HA, where ^ is a graded abelian 
group. 

We begin by noting that all of our constructions behave well with respect 
to filtered colimits and direct sums in the variable A, so that the key cases 
to understand are when A = YI^'L and A = TP'L/2'' . 

Recall that H*{HZ/2) = A, H*{HZ) = A/ASq^^ and H*{HZ/2'') = 
H*{HZ) e T.H*{HZ) for r > 2. For convenience, let A = H^{HZ). 

'T.Z/2 ifn = 
Z/2 ifn = -l 
otherwise. 



Lemma 6.1. For all s > 0, fif S^-^+^A = < 



Proof. We work with the equivalent dual left ^-module situation. Let 
F{n) = Q°°E"'^, the free unstable ^-module on an n~dimensional class. 
(This is 0, if n < 0.) The module A/ASq^ has a projective resolution 

> T,'^A ^ ^A ^ A ^ A/ASq^ ^ 0. 

Applying il°°T,^^^^'"- yields the complex 

^ F(l - s + n + 2) — ^ F{1- s + n+1) — ^ F{1 - s + n). 

The module r2^S^~'^+"^* is thus dual to the homology of 

F{n + 2) ^ F{n + 1) ^ F{n). 
By inspection, one sees that this is exact except when n = — 1 or 0. □ 
Corollary 6.2. (a) L^F*(S"i?Z/2) = for all s > and all n. 



Z/2 ifn = 
otherwise. 



(b) For all s > 0, LsH^Y.^'HZ) -- 

(c) For all s > and r >2, 



Z/2 ifn = -l,0 
otherwise. 



Now we need to know how the Dyer-Lashof operation acts. 

Lemma 6.3. : LgH^^HZ) — )• Ls+i//*(-ffZ) is an isomorphism for all 
s>0. 
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Proof. The key point is that the exact sequence 

identifies with the exact sequence 

SZ/2 ^ s2z/2 ^ s2z/2. 

As the first map here is clearly zero, the second is an isomorphism. □ 

This lemma and the previous corollary combine to give us the next cal- 
culations. 

Corollary 6.4. (a) Uq{L^,H^{H'L)) = Z/2[x] where x is the nonzero di- 
mensional class in 

(b) For r>2, Uq{L^H^{H'L/T')) = Z/2[x] ® A*(y) where x and y are the 
nonzero and 1 dimensional classes in ^°°H^,{HZ/2^) . 

(c) For r >2, UQiL^H^iT.-^HZ/T')) = 'L/2[y] where y is the nonzero 

dimensional class in Q°°Ti~^H^{H'L/2^). 

Now we use our calculations to determine how the topological spectral 
sequence behaves for HI, iJZ/2'', and S-^i7Z/2' , for r > 2. 

6.2. The spectral sequence for HZ. For i7Z, Et\i'°° {H^{H'L)) = Z/2[x\. 

As x is in the image of e* : H^{Q.°°H'L) ^}°°H^{HZ), all the x" are 

infinite cycles, and we conclude that there can be no rogue differentials. 

The spectral sequence converges to the correct answer as well as possible: 

H4n°°HZ) = H^Z) = 'L/2[t,t-\ \im. H^{Pd{HZ)) = Z/2[[x]], and the 

d 

former embeds densely in the latter via the homomorphism sending t to 
x + 1. 

6.3. The spectral sequence for H'L/2'' with r > 2. For H'L/2'', with 
r > 2, Ef^i'°°{H^{HZ/2'-)) = Z/2[x] A*(y). This time only x is in the 
image of e,,,, so there might be a rogue differential off of y. The elements 

are the only nonzero dimensional primitive classes in E^, so the first 
rogue differential must hit one of these. 

We claim that ~^{y) = x'^ i this is the only rogue differential, and 
E^^{HZ/2'') = Z/2[x]/(x2''). Furthermore, the spectral sequence converges 
to the correct answer: H^{^'^ H'L/2'') = H^{Z/2'') = 'L/2[t\/{t^" - 1) = 
Z/2[a;]/(a;2"), when t = x + l. 

To prove the claim, we first make some observations about the beginning 
of the spectral sequence in low degrees. In total degree 0, E^ is spanned by 
the classes x", and in total degree 1, £"^'9,1 ig spanned by the classes x"y, 
and x'^Q^x. If z G i7*(i7Z/2'') is the two dimensional class with zSq^ = x, 
then d,^{x^z) = x'^Q^x. It follows that the only classes in E"^ in degrees 
and 1 will be x" and x"y, none of which can possibly be in the image of an 
algebraic differential. 
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We now show that x^"^ = in E'^^{H'L/1''). To see this, we consider the 
diagram 

Z/2[t,t-^\ >Z/2[[x]] 

Z/2[t]/(t2'- - 1) -limdi^*(Pd(ifZ/20) 

in which both horizontal maps send i — 1 to x. As (t — 1)'^' = t^'^ — 1 = 
in Z/2[t]/{t^" - 1), we see that x^' = in hmi?^(Prf(i7Z/2'')), and thus in 

Ef;,{H'L/T). 

FinaUy we show that x^" 7^ for ah s < r, or equivalently, that y hves 
to E"^ This we show by induction on r. The r = 2 case is true because 
d^{y) = 0. For the inductive step, let '~(Z/2'-i) = Z/2[x'] ® h*{y'). 
The inclusion Z/2^-^ Z/2^ induces a map of both the topological and 
algebraic spectral sequences sending x' to 0, and y' to y. Then the inductive 
hypothesis — that y' lives to Ef;'-\HZ/T-'^) and (f^-^{y') = {x'f^ 

— implies that y lives to E'^'^ and (f^ ^~^{y) = 0, i.e. y lives 

to E^"^\HZ/2''), and thus to Ef^-^{HZ/2'-). 

6.4. The spectral sequence for T,~^HZ/2^ with r > 2. Our most com- 
plicated example is the spectral sequence for E~^iJZ/2'', with r > 2. 

Let X and y be the nonzero classes in H^{Y,~^H'L/2^) of dimensions — 1 
and 0. Et]i'°°{H^{H'L/2'')) = Z/2[y], and obviously y is not in the image 
of e*. The only primitive elements in E^ of total degree -1 are the elements 
so a first rogue differential must hit one of these. 

We claim that y lives to E"^^ , and d'^^~^{y) = {Q^Y'x. To see this, we com- 
pare this example to our previous one, using the map of spectral sequences 
induced by 

T.P{Y.-^HZ/2:'') P{HZ/2''). 

This sends the elements x and y to the elements with the same name in the 
last example. It also induces an isomorphism from the primitives of total 
degree -1 in E^CE-^HZ/2'') to the primitives of total degree in E^{H'L/2''). 
The calculation that d? ~^{y) = x^ = (Q^Yx in the spectral sequence for 
HZ/2^ then implies that d^'~^{y) = {Q^Yx in the spectral sequence for 
T,-^HZ/2''. 

The formula d^'^~^{y) = {Q^Y^ then implies that, for any s > 0, 

^2^(2'--l)(y2^) ^ ^2^(2-1) ^gO).y) ^ (g0).^2'--l (y) ^ (QO).+r^_ 

We also note that d^{x) = Q~^x = x^, and it follows that, for any s > 0, 

d^\{Qyx) = {Q^Q-^x = Q-\Qyx = ((Q°)^x)2. 

We now explain how these calculations completely determine how the 
algebraic and topological spectral sequences differ. Let Xg = (Q°)*x. Using 
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the standard primitive generators, the term of both spectral sequences 
decomposes: 

=Z/2[y,xo,xi,X2,...]0E^^\ 

This, in fact, represents a decomposition of both spectral sequences, where 
the algebraic and topological spectral sequences agree on E"-*-'*, and the 
differentials on Z/2[y, xq, xi,X2, • • • ] go as follows: 

• The algebraic spectral sequence has cP"{xs^ ~ '^^ 



The topological spectral sequence also has d?"^'^'^ ^Hu"^ ) = x,^ 



..... . ...^ 

It is then easy to compute that, for all s > 0, 

^alg,2^ = Z/2[y, Xs,Xs+l,Xs+2, • • • ] ® ^^''^ , 

while, for all s > r, 

6.5. A rogue differential for a 0-connected finite complex. We dis- 
cuss Example 11.171 

Let the spectrum X be the cofiber of 4 : MP^ — t- M.P^, so that X fits into 
a cofibration sequence 

MP^ X SMP^. 
As 4 has Adams filtration 2, we are guaranteed that 

as right ^-modules. For i = 1,2,3,4, let a, G Hi{X) be the image of 
the nonzero element under the inclusion MP^ ^ X, and let hi € -ffj+i(X) 
project to a nonzero element under the projection X — )• SMP^. 

As H^,{X) £ U, if there were no rogue differentials, then E^^,{X) = 
A). We show this is impossible. 

Proposition 6.5. In the spectral sequence, (^^(64) = af. 

Before proving this, we note some properties that X must (not) have. 

Lemma 6.6. X is not homotopy equivalent to MP^ V SMP^. 

Proof. This follows easily from the fact that the identity on MP'^ has stable 
order 8, not 4 [T]. □ 

Corollary 6.7. : H^{T.'^Q°°X) H^{X) is not onto. 

Proof. MP^ V SMP^ is the wedge of two (dual) Brown-Gitler spectra, and 
thus is homotopy equivalent to any other 2-complete connective spectrum 
Y with isomorphic mod 2 homology such that : ff*(S°°J7°°y) — )• H^{Y) 
is onto [HK]. □ 

Proof of Proposition \6.5[ Figure 1 shows the —1 line, and the bottom nonzero 
elements in the next few lines, of El ^{X) for the spectral sequence converg- 
ing to (17°° A). 
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Figure 1. E^tiX) 



Recalling that d = 0, and that differentials take primitives to primitives, 
the only possible nonzero differential off of the —1 line would be £^^(64) = a\. 
Thus if ^'^(64) = a\ did not hold, then we could conclude that E'ifi ^{X) = 
E}_^^^{X), so that : H^X) would be onto, contradicting 

the corollary. 

□ 

Appendix A. Proof of Proposition 12.11 

We need to explain the last property of ^-modules listed in Proposi- 
tion 12.11 This said that, given an S'-module X, there is a weak natural 
equivalence 

hocolimS-"S°°X„ ^ X. 

n 

We thank Mike Mandell for helping us be accurate in the following dis- 
cussion. 

Let SJf : T Spectra be left adjoint to X Recall that an 5- 

module is a special sort of >C~module. The functor sending a spectrum X to 
the ^-module S Ac is left adjoint to the functor sending an ^-module 
X to Fjr,{S,X), just regarded as a spectrum (and not as an ^-module). 

There is a weak equivalence of S'-modules 

S Ac U^nXn) ^ S-"S°°X„ 

given as the adjoint to the composite of maps of spectra 
There is a map of S-modules 

SAcU^^Xn)^X 

given as the adjoint to the composite of maps of spectra 

^ ^ Fc{S,X). 
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The desired weak natural equivalence is obtained by taking the hocolimit 
over n of the zig-zag 

We note that the n = case of the zig-zag here has the form 

^ SAc L(S~J1°°X) ^ X, 
which induces the evaluation (counit) map in the homotopy category. 

Appendix B. The tower P{X) with its operad action 

We explain how the results of [AK] show that the operad Coo acts suitably 
on the tower P{X) as described in Theorem 13.81 

The paper |AK] explored the explicit model from [Ar] for the tower as- 
sociated to the functor sending a space Z to the spectrum SJ^ Map(i^, Z), 
where K is a fixed CW complex. Call this tower P{K,Z), indicating its 
functoriality in both variables. (The more awkward notation {X) was 
used in [5K].) It comes with a natural transformation e : Map(i^, Z) — > 
P{K, Z) which is an equivalence if the dimension of K is less than the con- 
nectivity of Z. 

We note that the properties of our category of spectra needed to form our 
constructions correspond to the first five properties of S listed in Proposi- 
tion EH 

The product theorem, [AKl Thm.1.4], says that there is a weak natural 
equivalence of towers 

P{K \J L,Z)^ P{K) A P{L). 

This generalizes to more than two factors in a straightforward way. In 
particular, if \/d K denotes the wedge of d copies of K, there is a S^- 
equivariant map of towers of spectra 

P{\l K,X) ^ PiK)""^ 

d 

which is a nonequivariant equivalence. 

Specialized to K = S"^, one gets a tower P{S'^, Z) approximating Ti^Q^Z 
with dth fiber naturally weakly equivalent to As^ {T,^'"- Z)^'^ , as ex- 

pected. Here C„ is the little n-cubes operad. 

The naturality and continuity of the P{K, Z) construction in the variable 
K make it quite easy to define maps of towers 

e(d) : Cn{d)+ As, P( V S", Z) ^ P(S", Z) 
d 
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compatible with the usual C„ operad action on il^Z [Maj . In particular, 
from [AK^ Thm.1.10], we learn that the square in the diagram 

E5°C„(d) xs^ 



Cn{d)+ As, P{S^, ZY'^ ^ Cn{d)+ As, P(Vd ^) — Z) 

commutes. Furthermore, the map on fibers induced by the map of towers 
corresponds to the maps induced by the operad structure in the expected 
way. 

Given a spectrum X, our tower is then defined to be 
P{X) = hocolimP(S",X„), 

n 

where the homotopy colimit is over natural transformations 
P{S'\Xn) A P(5"+\SX„) ^ P(5"+i,X„+i). 

Here the first map is the smashing map from \KK.\ Thm.1.1]. 
The dth fiber of the tower P{X) then naturally identifies with 

hocolimC„(d)+ As, ~ Coo(d)+ As, X'''' = D^X. 

n 

Finally the weak natural transformation e : 'S^Q°°X — )■ P{X) is defined 
as the composite 

I^^n'^X ^ hocolimS5°rj'^X„ hocolimP(5",X„), 

n n 

and the diagram of Theorem 13.81 is obtained by taking the hocolimit over n 
of diagrams as above (with d specialized to 2). 
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